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pot size, depth-of-focus, and diffraction ring
ntensity formulas for truncated Gaussian beams

akan Urey

Simple polynomial formulas to calculate the FWHM and full width at 1�e2 intensity diffraction spot size
and the depth of focus at a Strehl ratio of 0.8 and 0.5 as a function of a Gaussian beam truncation ratio
and a system f-number are presented. Formulas are obtained by use of the numerical integration of a
Huygens–Fresnel diffraction integral and can be used to calculate the number of resolvable spots, the
modulation transfer function, and the defocus tolerance of optical systems that employ laser beams. I
also derived analytical formulas for the diffraction ring intensity as a function of the Gaussian beam
truncation ratio and the system f-number. Such formulas can be used to estimate the diffraction-limited
contrast of display and imaging systems. © 2004 Optical Society of America

OCIS codes: 110.3000, 120.2040, 120.5800, 170.5810, 260.1960, 350.5730.
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. Introduction

he characteristics of focused Gaussian beams play
n important role in the design of optical systems
hat employ lasers, such as various laser scanning
isplay and imaging systems1,2 and certain layered
nd page-oriented optical storage architectures.3,4

he amount of beam truncation at hard apertures is
n important system design parameter that deter-
ines the radial and axial size of focused Gaussian

eams and has been extensively studied in the liter-
ture with numerical methods by direct integration
f the diffraction integral5–9 or by analytic methods
y use of a slowly converging infinite series of
xpansions.10–14

Prior research in this area focused mainly on de-
eloping formulas for the estimation of the shape and
he encircled energy of the central main lobe, the
ocation of the peak axial irradiance, and the location
f the diffraction ring minimums and maximums.
ahajan5,6 derived exact analytical formulas for the

xial intensity of focused Gaussian beams and ob-
ained numerical results for the encircled energy in
he presence of obscurations and aberrations. Li7
nd Yura8 derived numerical formulas for the mini-
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um and maximum points for diffraction ring irra-
iance at the focal plane. More recently, Nourrit13

erived piecewise analytical expressions for the trun-
ated Gaussian beams in the Fresnel and Fraunhofer
egime using asymptotic expansions and calculated
he shape and the extrema locations of diffraction
ings using finite summation formulas. Drege14

ound a closed-form expression for the far-field diver-
ence angle.
In this paper I first derive two sets of simple poly-

omial formulas to calculate the width �rather than
he shape� of the focused spot and the depth of focus
s a function of beam truncation and the f-number of
he focusing geometry. First, I derive polynomial
ormulas for the size of the focused spot using FWHM
nd full-width at 1�e2 irradiance criterion. Second,
calculate the depth of focus along the optical axis
here the axial irradiance drops to 80% and 50% of

he focal-plane axial irradiance.
Nourrit13 and others listed in his references tried

everal methods to obtain analytical formulas to de-
ermine the minima of the diffraction rings for trun-
ated Gaussians, but a closed-form expression cannot
e found. I derived simple analytical formulas to
stimate the peak and average diffraction ring irra-
iance as a function of Gaussian beam truncation.
iffraction ring minima are then solved numerically

or different values of truncation to provide a complete
olution for the irradiance profile of diffraction rings.

The formulas given in this paper can be utilized in
esigning various laser imaging systems for display,
mage capture, target tracking, microscopy, optical
torage, and laser printing applications. Spot-size



a
i
a
i
d
s
s
a

2

C
i
�
T
a
t
�
t

w
a
p
a

w
r

G
r
t
F
i

w
a
i
o
t
F
t
f
s
g
c
i

n
t
F
i
t
F
t
m
b
a
d
t
s
f
p
s
t

F
a
i

a
�
R
N
f
F
D
R
R

d

nd depth-of-focus formulas are useful for determin-
ng system resolution, modulation transfer function,
nd field curvature tolerance, and the diffraction ring
ntensity formulas are useful in determining the
iffraction-limited contrast of display and imaging
ystems. In Section 5, I discuss the tradeoffs pre-
ented by the choice of the beam truncation ratio in
n optical system design.

. Gaussian Beam and Diffraction Integral

onsider a unity-power converging Gaussian beam,
llustrated in Fig. 1�a�, incident on a circular aperture
located at the exit pupil of the imaging system�.
he beam waist for the unclipped beam is located at
distance R behind the aperture. The modulus of

he complex wave amplitude of the Gaussian beam
without the quadratic phase factor� before the aper-
ure can be expressed as

�U�r, wm�� � �2
�

1
wm

exp��
r2

wm
2� , (1)

here r is the radial distance from the optical axis
nd wm is the beam radius. Using Eq. �1�, the beam
ower transferred from a circular aperture of radius
can be calculated as

Pbeam � 1 � exp��2a2�wm
2� � 1 � exp��2�T 2�, (2)

here T � wm�a is the Gaussian beam truncation
atio, defined as the ratio of the aperture radius to the

ig. 1. �a� Schematic of converging Gaussian beam truncated by
hard aperture; �b� Power loss at the aperture and peak focal plane

rradiance as a function of T.
aussian beam 1�e amplitude �or 1�e2 irradiance�
adius at the aperture. The irradiance �I � �U�2� at
he far field can be calculated by use of the Huygens–
resnel diffraction integral with the Fresnel approx-

mations:6,9

I�T, r2, z� � ��
0

a 2�

�z
�U�r, wm��exp�i�r2

� �1
z

�
1
R��Jo�2�rr2

�z �rdr�2

, (3)

here � is the wavelength, R is the distance from the
perture to the Gaussian focal plane where the waist
s located, z is the distance from the aperture to the
bservation plane, and r2 is the radial distance from
he optical axis in the observation plane. The
resnel approximation used to obtain the above in-
egral is valid when z �� a and z �� r2, which impose
ar-field and paraxial conditions.15 Typical optical
ystem parameters for different applications are
iven in Table 1. Note that far-field and paraxial
onditions are satisfied for the imaging systems spec-
fied in the table.

Mahajan5 showed that the peak axial irradiance
ear the focal plane shifts toward the clipping aper-
ure, and the amount of shift is a function of the
resnel number, which is defined as N � a2��R and

s a measure of the importance of diffraction effects in
he beam due to the clipping aperture �e.g., a small
resnel number indicates greater effects of diffrac-
ion�. Location of the peak axial irradiance shifts by
ore than 5% for systems with small Fresnel num-

ers �N 	 5�. However, for small Fresnel numbers,
system with a small aperture and a large focus

istance compared with �, such as Case 3 in Table 1,
he depth of focus becomes very large, and the focused
pot size and the encircled energy within a radius r2
or r2 � �R�a become insensitive to the shift of the
eak axial irradiance position.5,6 Therefore focused
pot size can be determined with the irradiance dis-
ribution at the geometrical focal plane for all

Table 1. Optical System Parameters for Three Exemplary Optical
Imaging Systems for Different Applications Assuming T � 1a

Application

Case 1
Scanning
Display

Case 2
Imaging

Case 3
Projection�

Target
Tracking

�mm� 0.5 5 1
�nm� 635 635 635
�mm� 80 20 2000

5 1969 1
# 80.0 2.0 1000.0
WHM spot size sfwhm �
m� 57.6 1.4 720.1
epth of focus � � �mm� 9 0.005 1340
�� � ratio 9.3 3731.8 1.5
2 �mm� for rn � 20 1.016 0.0254 12.7

aTable 2 formulas are used to calculate the spot size and the
epth of focus.
20 January 2004 � Vol. 43, No. 3 � APPLIED OPTICS 621
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resnel-number and beam-truncation ratios encoun-
ered in imaging systems �except for the case when
he aperture size is not much larger than �, which is
ot of interest for the imaging applications consid-
red here�. I therefore neglect the focus shift and
etermine the spot size by turning attention to the
rradiance distribution at the Gaussian focal plane
i.e., z � R�.

I simplify the math by using the following normal-
zed variables: f# � R��2a� is the focal ratio of the
ocusing geometry, � � r�a is the normalized aper-
ure coordinate, and rn � r2��f# is the normalized
adial focal-plane coordinate. After substituting the
ariables in Eq. �3� and normalizing the irradiance
ith Pbeam, the diffraction integral for points near the

ocal plane can be rewritten as
 axial
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here �z � R � z is the defocus. The diffraction
ntegral at the focal plane �i.e., z � R� simplifies to

Ifocal�T, rn� �
2�

�2f#
2T 2Pbeam

� ��
0

1

exp���2�T 2�Jo���rn��d��2

. (5)

he axial irradiance �Io�, which is the peak irradiance
or an arbitrary T and for uniform beam illumination
T 3 � are found by substituting rn � 0:

I0�T� �
�T 2�1 � exp��1�T 2��2

2�2f#
2�1 � exp��2�T 2��

,

I0�T3 � �
�

4�2f#
2 . (6)

Figure 1�b� shows the beam power and the peak
rradiance given in Eqs. �2� and �6� as a function of T.
s T increases, the power loss at the aperture in-
reases. If the power is normalized with the power
ransferred from the aperture, then the peak axial
rradiance increases with T and reaches maximum
or uniform illumination. If the power is normalized
ith the incident power, then the optimal truncation

atio that gives the peak axial irradiance is around
� 0.9 �Ref. 11�. This result is not really significant

n an imaging system, since the width of the focused
pot and the encircled energy is far more important
han the peak axial irradiance.

An analytical formula for the beam irradiance
long the optical axis as a function of defocus �z �

� z and Fresnel number N can be obtained by
etting r � 0 in Eq. �4� �integration is carried out by
n

22 APPLIED OPTICS � Vol. 43, No. 3 � 20 January 2004
se of MATHEMATICA™ by Wolfram Research, Inc.,
hampaign, Ill.�:

axial�T, z�

�

2�a2T 2�coth�1�T 2� � cos��N�z
z �	sinh�1�T 2��

�2z2�1 �
�2T4N 2�z2

z2 � .

(7)

or small N, Iaxial is not symmetrical on either side of
he focus, and as discussed above, the peak axial
rradiance shifts toward the aperture. Mahajan15

iscusses the properties of I in more detail.
. Focal Plane Spot Size and Depth of Focus

or a converging beam truncated at a circular aper-
ure, the focused beam profile is Gaussian for T 	 0.5
nd converges to the Airy pattern as T 3 . One
an define a diffraction spot diameter �s� on the basis
f a certain fraction of the peak irradiance, such as
.5 or 1�e2. The corresponding rn can be solved by
etting the ratio of Ifocal to I0, given in Eqs. �5� and �6�,
qual to a constant. If the constant used is larger
han the maximum diffraction ring intensity, one can
nd a unique solution for rn within the central lobe of
he irradiance profile as a function of T. Since rn is
ormalized with �f#, the focal plane spot size �s� can
e expressed as

s � K�f#, (8)

here K is the spot size constant that is a function of
eam truncation only and is independent of other
ystem parameters. The paraxial approximation
imits the validity of this formula to f# � 2. An
lternative form of this formula is to express the spot
ize as s � 0.5K���NA�, where NA is the numerical
perture of the system. This alternative form is
ore accurate for f# 	 2, such is the case in lithog-

aphy or microscopic imaging systems.
Similarly, one can find �z, where Iaxial becomes a

ertain fraction of I0, such as 0.8 or 0.5. Equations
4� and �7� reveal that, if Iaxial�I0 ratio is set equal to
constant, for each particular value of T, the solution

o the equation yields a constant value for the term
�z�z ratio. Therefore I can express �z as a func-

ion of z�N. Furthermore, when the defocus is small
ompared with the focus distance �i.e., �z 	 R�, �z
an be written as proportional to �f#

2, as follows:

�z � K z�4N 
 K �f 2, (9)
I�T, rn, z� �
8�a2

�2z2T 2Pbeam
��

0

1

exp���2�T 2�exp� i��2a2

� �1
z

�
1
R��

Ç
i��2N�z

z

Jo���rn R
z ��d��2,

(4)
2 2 #
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irradiances are also shown.
here K2 is the depth-of-focus constant that is a func-
ion of beam truncation only and is independent of
ther system parameters. The approximation in the
bove figure is valid in systems where N 	 5 �e.g., K2
ormulas are not valid for Case 3 in Table 1�. For
ystems where N 	 5, the axial irradiance profile is
ot symmetrical around the geometric focus, and the
aximum axial irradiance shifts from the geometric
ocal plane towards the aperture. Other system pa-
ameters play a role, and the �z � K2�f#

2 approxi-
ation is no longer valid. The depth of focus can be

alculated directly by use of Eq. �7�. However, in
uch systems the depth of focus is large enough that
ne need not worry about effects of defocusing.
Figure 2 shows the numerical simulation results

btained with Eq. �5� and illustrates how the spot
rofile, the peak irradiance, the spot width, and the
nergy shifted to the diffraction rings change with T.
Table 2 is a summary of my results in this section

nd shows the simple formulas for the diffraction-
imited spot diameter coefficient K and the depth of
ocus coefficient K2. The table formulas are obtained
y polynomial curve fitting to the numerical solutions
f Eqs. �5� and �7�. K is calculated for two commonly
sed spot-size criteria in imaging systems: full width
t 1�e2-irradiance �FWE2� and FWHM irradiance.
2 is calculated for a Strehl Ratio �SR� of 0.8 and a SR
f 0.5 cases, where SR is defined as the ratio of the
xial irradiance at the observation plane to the peak
xial intensity at the focal plane. SR � 0.5 corre-
ponds to the Rayleigh range for a Gaussian beam, and
R � 0.8 corresponds to the diffraction-limited range
f a beam in imaging systems. The depth-of-focus
ormulas in Table 2 can be used to compute the depth
f a page in a page-oriented three-dimensional optical
emory or the depth-of-focus and the field-curvature

berration tolerance of a scanning display or imaging
ystem.

Drege14 gives an analytical expression for the far-
eld divergence angle of a truncated Gaussian beam.
y use of Drege’s result and after some algebra, the

ollowing analytical formula for the FWE2 irradiance
pot-size coefficient can be obtained:

KFWE2 �
0.97

T � e
1 � exp��1�T 2�

� 1�1�2

. (10)

igure 3 illustrates the K factor as a function of T,
sing the formulas in the first row of Table 2. My
mpirical formulas for FWE2 and FWHM irradiances
re within 1%, and Drege’s approximate FWE2 for-
ig. 2. Focal plane irradiance cross sections for different Gauss-
an beam truncation ratios assuming unity total power beam. �a�
rradiance for rn 	 2, �b� Irradiance in log scale for rn � 2. Solid
urves are numerical solution of Eq. �5� normalized by the beam
ower transferred from the aperture, and dashed curves are ap-
roximate analytical solutions of Eqs. �12� and �13�. Peak ring
Table 2. Spot Size and Depth-of-Focus Formulas as a Function of Truncation Ratio T.
K and K2 for T < 0.5 Are Calculated by Use of Standard Gaussian Beam Formulas

T � wm�a
f# � R�2a

T 	 0.5
�Gaussian�

T � 0.4 �Truncated Gaussian�
�Error 	 1%�

Spot Size s � K�f#

full width at 1�e2 irradiance KFWE2 �
1.27

T
KFWE2 � 1.654 �

0.105
T

�
0.28
T2

full width at 50% irradiance KFWHM �
0.75

T
KFWHM � 1.036 �

0.058
T

�
0.156

T2

Depth of Focus �z � K2�f#
2

K2,SR�0.5 �
1.27
T2 K2,SR�0.5 � 3.5 �

0.33
T

�
0.73
T2 �

0.52
T3K2 for Strehl Ratio � 0.5

K2 for Strehl Ratio � 0.8 K2,SR�0.8 �
0.635

T2 K2,SR�0.8 � 2.05 �
0.12

T
�

0.28
T2 �

0.22
T3
20 January 2004 � Vol. 43, No. 3 � APPLIED OPTICS 623
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ula is within 3% of the numerical integration re-
ults. As N and f# become larger, the formulas have
etter accuracy.

. Diffraction Ring Irradiance

derive analytical formulas for estimating the dif-
raction ring irradiance for points away from the op-
ical axis �large rn� as a function of T. Closed-form
imple expressions for the diffraction ring peak irra-
iance cannot be found elsewhere in the literature.
The following approximation can be used for the

essel function in Eq. �5� for large values of x16

Jo� x� 
 �2��x cos���4 � x�. (11)

igure 4�a� shows the integrand in Eq. �5� and its
pproximation by use of Eq. �11� for an exemplary
ase of T � 1. The figure illustrates that the approx-
mation is indeed a good one for rn �� 1. Note that
hen rn �� 1 the integrand in Eq. �5� alternates sign
pproximately rn times between the limits of integra-
ion. Owing to the large number of oscillations, the
alue of the integral crosses zero many times, the last
ne being near � � 1. Therefore we can approximate
he integral by moving the exponential term outside
he integral by substituting � � 1 for that term. The
ntegrands in exact form and in approximate form
an then be written as

Integrand_exact � �
0

1

exp���2�T 2�Jo���rn��d�,

Integrand_approx � exp��1�T 2�� 2
�2rn �

x

1

cos���4

� ��rn�d�, (12)

here x is the coordinate of the last zero crossing of the
ntegral and depends mainly on rn and becomes very
lose to 1 as rn increases. The approximation in Eq.
12� is also supported by Fig. 4�b�, which shows the
esults of the integrations in Eq. �12� for T � 1 when
24 APPLIED OPTICS � Vol. 43, No. 3 � 20 January 2004
he limits of integrations are set from 0 to �. Figure
�b� also illustrates that the location of the last zero
rossing is given approximately by x � 1 � 1�rn.

The integral in Eq. �5� can then be approximated as

focal�T, rn� 

2� exp��2�T 2�

�2f#
2T 2Pbeam

� � 2
�2rn

� �
x

1

cos���4 � ��rn�d��2



4 exp��2�T 2�

�2f#
2�3rn

3T 2Pbeam
sin2��rn � q�, (13)

here Pbeam � exp��2�T2� and q is a phase factor
hat is a function of rn and T. For large rn �i.e.,
eyond the second zero crossing of the irradiance pro-
le�, numerically determined values of q for T � 0.5,
� 0.66, T � 1, and T3  are 1.04, 0.93, 0.84, and

.77, respectively. Phase factor q for other T can be
stimated by interpolation.
The Airy pattern for large rn is the limit of Eq. �13�
hen T 3 :

Ifocal�T3 , rn� 

2 sin2��rn � ��4�

�2f 2�3r 3 . (14)
ig. 3. Spot-size constant and the depth-of-focus constants as a
ig. 4. �a� Integrand and the result of integration in Eq. �12� as a
unction of � for different values of rn, with dashed curves showing
he exact formula and solid curves showing the approximate for-
ula in Eq. �12�; �b� the result of the integral for the integrand in

a� with integration limit from 0 to � �result for rn � 1 is too large
# n
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Figure 2�b� shows the numerical solution of the in-
egral in Eq. �5� �solid curves� and the approximate
olution obtained by use of Eq. �13� �dashed curves�.
s rn becomes larger, the dashed curves in the figure

onverge to the solid curves. The approximate formu-
as work well beyond the second zero crossing of the
unction. The limiting case T 3  gives a good ap-
roximation for the Airy pattern for rn � 0.6. The
gure also shows the peak diffraction ring irradiances

n each case. Since the average value of sin2 term in
q. �13� is 0.5, the average diffraction ring irradiance

an be written as the half of the peak irradiance:

Ifocal,avg�T, rn� �
2 exp��2�T 2�

�2f#
2�3rn

3T 2�1 � exp��2�T 2��
,

focal,avg�T3 , rn� �
1

�2f#
2�3rn

3 . (15)

. Discussion and Conclusions

presented simple polynomial formulas for calculating
he FWHM and FWE2 spot size and depth of focus at
he SRs of 0.8 and 0.5. The spot size and depth of
ocus are expressed as a function of � and f#, which
reatly simplifies the optical system design problem
henever the approximation is valid. The formulas
re valid when N � 5 and f# � 2, such as the scanning
isplay and imaging systems listed in Table 1. For
ystems with a small Fresnel number �N 	 5�, such as
arget tracking systems or projection display systems,
he depth-of-focus formulas are not valid, but the
epth of focus is so large that the defocus and the field
urvature aberration owing to defocus is not an issue.

I also presented a simple closed form formulas for
iffraction ring irradiance using an analytical ap-
roximation to the diffraction integral shown in Eqs.
14� and �15�. These equations are the simplest ex-
ressions for the numerical computation of the dif-
raction ring irradiance as a function of beam
runcation for large rn.

I used the formulas in Table 1 and Eq. �15� in the
esign of various optical systems, such as a confocal
maging system, a Retinal Scanning Display design,
nd two-photon absorption volumetric optical storage
ystems.1–3 A range of values for typical optical sys-
em parameters used in imaging and display appli-
ations is given in Table 2. As N and f# become
arger, the formulas have better accuracy.

In most imaging systems employing Gaussian
eams, the optimal aperture size �or exit pupil size� can
e obtained by setting T in the range 0.4 	 T 	 1. In
canning systems, such as Retinal Scanning Displays,
he limiting system aperture is typically the scan mir-
or, and the tradeoff in choosing T is between the sys-
em resolution,1 the power efficiency, the maximum
chievable contrast,17,18 and the display exit pupil pro-
le that is shaped using a binary diffraction grating.19

or T 	 0.5, the mirror is underfilled. Clipping at the
perture is negligible, and the beam profile remains
aussian as it propagates; however, the system reso-

ution is poor. For T � 1, the mirror is overfilled, and
he focused spot profile converges to an Airy pattern as
3 , yet the power lost at the aperture and the

iffraction ring intensities may be too large, limiting
he diffraction-limited maximum achievable contrast
f the display. T 	 0.5 appears too conservative, and
ncreasing T beyond 1.0 increases the power loss and
educes the maximum achievable contrast substan-
ially without improving the resolution. As an exam-
le, increasing truncation from T � 2�3 to T � 1
ncreases the power loss from 1.1% to 13.5%, reduces
he FWHM spot size, and increases the scanning sys-
em resolution by 13%. However, it increases the en-
rgy shifted to the diffraction rings, reducing the
aximum achievable diffraction limited contrast by a

actor of �7.5.17
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