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Koç University TÜPRAŞ Energy Center (KUTEM), Koç University, 34450 Sarıyer, Istanbul, Turkey
b

a r t i c l e

i n f o

Article history:
Received 25 February 2013
Received in revised form 27 June 2013
Accepted 28 June 2013
Keywords:
Microcantilevers
Resonant frequency
Quality factor
Carbon Dioxide
Supercritical Fluid

a b s t r a c t
The frequency response of ferromagnetic nickel microcantilevers with lengths ranging between 200 m
and 400 m immersed in gaseous, liquid and supercritical carbon dioxide (CO2 ) was investigated. The
resonant frequency and the quality factor of the cantilever oscillations in CO2 were measured for each
cantilever length in the temperature range between 298 K and 323 K and the pressure range between
0.1 MPa and 20.7 MPa. At a constant temperature, both the resonant frequency and the quality factor
were found to decrease with increasing pressure as a result of the increasing CO2 density and viscosity.
Very good agreement was found between the measured cantilever resonant frequencies and predictions
of a model based on simpliﬁed hydrodynamic function of a cantilever oscillating harmonically in a viscous
ﬂuid valid for Reynolds numbers in the range of [1;1000] (average deviation of 2.40%). At high pressures
of CO2 , the experimental Q-factors agreed well with the predicted ones. At low CO2 pressures, additional
internal mechanisms of the cantilever oscillation damping caused lowering of the measured Q-factor
with respect to the hydrodynamic model predictions.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Microcantilevers have been studied extensively in recent years
because of their potential for highly sensitive and low cost compact
device applications which include biological and chemical sensors
[1–5], viscometers and densitometers [6–14], devices for mechanical characterization of solids [15], and analysis of thermal forces
in rareﬁed gases [16]. In a typical application, microcantilevers
are oscillated using either external driving or thermal forces and
observed changes in their frequency response are linked to the
experimental quantity of interest. The frequency response of an
oscillating microcantilever can be characterized by its resonant
frequency, ωR , and the quality factor of the oscillations, Q-factor
[3]. ωR is deﬁned as the angular frequency at which the maximum
amplitude of oscillation is observed. Q-factor quantiﬁes energy
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dissipation during oscillation; it is a dimensionless parameter
deﬁned as the ratio of ωR to the bandwidth of the cantilever
resonance peak. A smaller resonance bandwidth implies a higher
Q-factor and, thus, lower losses. When an oscillating cantilever
is immersed in a ﬂuid of ﬁnite density and viscosity, the ﬂuid
surrounding the cantilever becomes set in motion. This moving
ﬂuid exerts hydrodynamic forces on the cantilever which in turn
change the dynamics of cantilever oscillations. In general, these
ﬂuid forces can be divided into an inertial part associated with
an effective added mass due to the density of the ﬂuid moving
along with the cantilever, and a dissipative part describing energy
loss due to viscous drag in the ﬂuid [17]. The action of the hydrodynamic forces then leads to a change in the values of ωR and
Q-factor observed in the ﬂuid with respect to their vacuum values.
Oscillatory motion of a solid elastic body immersed in a viscous
ﬂuid has been subjected to numerous theoretical and experimental
studies [4–14]. Currently, there exist two main approaches for the
theoretical treatment of the problem. In the simpler one, changes
of the shape of an oscillating elastic cantilever is neglected, and the
cantilever is modeled as a rigid body moving through the ﬂuid in an
external harmonic potential which represents the elastic bending
force [11,18,19]. Essentially, the cantilever is treated as a simple
damped harmonic oscillator with an effective geometric mass and
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viscous damping coefﬁcient depending on the ﬂuid density and viscosity and the frequency of oscillations [17]. Oden et al. adopted this
model to monitor viscosity changes in glycerol/water mixtures of
various concentrations [11]. A study by McLoughlin et al. [18] provided a method for determining the density and viscosity of an
unknown ﬂuid using reference measurements in air and two additional ﬂuids with known properties. Ma et al. analyzed thermal
ﬂuctuations of immersed cantilevers to study the microrheological
behavior of ﬂuids near a solid/liquid interface [19].
A more rigorous approach to the modeling of the frequency
response of immersed cantilevers is based on solving the equation of motion for a clamped elastic beam subject to hydrodynamic
forces of the surrounding ﬂuid. This approach was ﬁrst introduced
by Sader [20] who studied the resonant frequency and the Q-factor
of immersed cantilevers with arbitrary cross section and expressed
these quantities as transcendent functions of the density and viscosity of the ambient ﬂuid. A similar approach was later followed
by other authors [7,10,14]. The theoretical results derived by Sader
[20] were experimentally validated by two studies of Sader et al.
using single-crystal silicon AFM microcantilevers immersed in different gases and liquids [6,13], and a good agreement with the
calculations was found. These studies [6,13] also described procedures for calibrating the geometric and elastic parameters of the
cantilevers by reference measurements in ﬂuids of known properties. Schilowitz et al. developed a similar model in which the ﬂuid
viscosity could be directly calculated from the measured viscous
damping coefﬁcient of the cantilever [14]. Maali et al. [21] derived
an analytical approximation to the complex hydrodynamic function of Sader [20], which was then used by Youssry et al. to obtain
closed formulas for the ﬂuid density and viscosity [7]. In that work,
the ﬂuid density and viscosity were calculated from the measured
resonant frequency and Q-factor and known geometry and density
of the cantilever. Recently, Papi et al. showed equivalence of the
two modeling approaches (simple harmonic oscillator and oscillating elastic beam immersed in a ﬂuid) within the validity range
of Maali’s approximation to the cantilever hydrodynamic function
[12]. Using Maali’s formalism, Toda et al. [22] investigated the phase
transition between gaseous CO2 and supercritical CO2 at 313 K and
pressures up to 11.6 MPa with silicon (Si) microcantilevers. According to their study, a signiﬁcant reduction of the resonant frequency
could be detected in the region close to the phase transition.
Since all the models of motion of immersed cantilevers that
are utilized in ﬂuid characterization are based on simplifying
assumptions (in particular, small dissipation, weak coupling of individual oscillation modes, and cantilever length greatly exceeding
its width), it is necessary to evaluate their validity for each speciﬁc
studied experimental situation. For this purpose, reliable experimental techniques capable of operating under a wide range of
ambient conditions need to be developed. In the context of model
validation, it is particularly interesting to work with ﬂuids near
their critical point and examine the dynamics of the immersed cantilever oscillations in different phases of the ﬂuid (liquid, gaseous,
and supercritical ﬂuid). The thermophysical properties of ﬂuids
such as density and viscosity can be systematically altered by
changing the ﬂuid pressure and temperature. In the proximity of
the critical point, small changes in temperature and pressure will
have a great impact on the ﬂuid density and viscosity. Hence, nearcritical and supercritical ﬂuids represent a challenging system for
the experimental characterization of immersed microcantilevers
and theoretical modeling of their response.
In this study, we investigate the frequency response of microcantilevers immersed in gaseous, liquid, and supercritical carbon
dioxide (CO2 ) under a wide range of pressures and temperatures
below and above the critical point. We have chosen CO2 as the
model ﬂuid since its critical temperature of 304 K and the pressure of 7.38 MPa can be readily accessed. Supercritical CO2 (scCO2 )
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is also technologically important as a solvent for a wide range of
applications [23–25]. Moreover, the density, viscosity, and other
thermophysical properties of CO2 in different ﬂuid phases are
known with high accuracy [26].
First, we describe the fabrication process of nickel-made ferromagnetic microcantilevers. Then, we introduce our experimental
setup based on a high-pressure vessel with the control of the pressure and temperature of its contents, magnetic actuation of the
cantilever oscillations, and optical readout of the cantilever displacement. We also describe the measurement procedure which
consists of driving the cantilevers with AC magnetic ﬁeld of varying frequency and measuring the amplitude and phase of their
frequency response. Subsequently, we present our experimental
data acquired using cantilevers of varying length immersed in CO2
within a wide range of pressures and temperatures. Finally, we
compare the frequency response data obtained in different CO2
phases to the predictions of a frequency response model based
on a simpliﬁed hydrodynamic function of a cantilever oscillating
harmonically in a viscous ﬂuid. We show a very good agreement
between the experiments and the model, thus illustrating suitability of our experimental approach for density and viscosity
measurements in near-critical and supercritical ﬂuids and characterization of phase transitions in such ﬂuid systems.

2. Materials and methods
2.1. Fabrication of cantilevers
Ferromagnetic microcantilevers made of nickel were produced
using established microfabrication methods previously reported by
Ozturk et al. [27]. The ﬂow chart of the cantilever fabrication process and a micrograph of a resulting cantilever with a length of
250 m are shown in Fig. 1.
First, 1 0 0 Si wafers with a diameter of 4 inches, a thickness of 525 ± 25 m, and a resistivity of 0.1–0.5  cm were cleaned
using acetone, isopropyl alcohol, and deionized water and blowdried with N2 (Fig. 1a (i)). By using RF-magnetron sputtering,
an adhesion-promoting Cr layer of 10–20 nm thickness (Fig. 1a
(ii)) and an Au layer of 100–120 nm thickness (Fig. 1a (iii)) were
deposited on Si. A ﬁlm of photoresist (PR) AZ 5214E was spin-coated
over the seed layer (Fig. 1a (iv)) and patterned (Fig. 1a (v)).
After patterning, the wafer was sliced into 1 cm × 1 cm dice and
the cantilever structural layer was formed via Ni electroplating over
the Au surface in a nickel sulphamate bath (Fig. 1a (vi)). Ni was
used as the structural layer due to its high resistance to oxidative
and corrosive agents, and its ferromagnetic behavior, i.e. the ability to be magnetically actuated. On the basis of the results of Luo
et al. [28], the temperature during electroplating was kept constant at 318 K in order to achieve the highest modulus of elasticity.
The current density was held constant at 10 mA/cm2 , in order to
eliminate internal stress gradient along the length of the cantilever
which could possibly cause cantilever stiction to the substrate after
release. A 0.85–0.95 m thick Ni electrodeposition was achieved
over a period of 25 min.
After the photoresist removal (Fig. 1a (vii)), Au seed layer
was etched for 60–70 s using 1:3 Transene TFAC Ni-selective Au
etchant-water solution (Fig. 1a (viii)). Then, Cr layer was etched
for 30–45 s using 1:3 MicroChrome TFE Cr etchant-water solution
(Fig. 1a (ix)). Over a range of experiments, it has been validated
that wider and longer microcantilevers can be produced only by
preserving the Au and Cr layers underneath the Ni layer [29]. Thus,
timing of each etching step was adjusted so that the Au and Cr layers
were only removed outside of the cantilevers.
In the ﬁnal step, the cantilevers were completely released by
anisotropic etching of Si substrate using 45% KOH—water solution
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Fig. 1. (a) Flow chart of the fabrication process of nickel (Ni) microcantilevers (see explanation of individual steps in the text). (b) Micrograph of a 250 m-long Ni cantilever.

at 328 K for 23 h resulting in an etch depth of 150 m (Fig. 1a (x))
which is the height difference between the Ni anchor and Si base.
The depth of 150 m is sufﬁcient to eliminate the squeezed ﬁlm
damping effects inﬂuencing the dynamics of the cantilever oscillations [30]. The temperature and concentration of KOH for Si etching
were optimized to overcome the stiction problem. In this study,
cantilevers with a width of 20 m, a thickness of about 1 m, and
lengths of 200 m, 225 m, 325 m and 400 m were obtained
without any stiction to the Si substrate.
2.2. Experimental setup and procedures for measuring the
cantilever frequency response
Frequency responses of microcantilevers immersed in various
ﬂuid phases of CO2 were characterized using a home-made experimental setup which was built around a high-pressure sample
chamber (see Figs. 2 and 3). Before the measurements, a die with
microcantilevers and an electromagnetic actuator – a coil made
from Cu wire – were ﬁrmly attached to a custom-made Teﬂon
housing (Fig. 3b). The Teﬂon housing holding the die and the driving coil was then placed into the cylindrical sample chamber, a
50 ml TharSFC 05424-4 high-pressure vessel with sapphire view
windows at each face (Fig. 3a). The electrical connection for the
actuation of microcantilevers in the pressure vessel was achieved
using insulated CONAX Technologies TG24 T gland assemblies that
were leak-proof in the studied pressure range (up to ∼21 MPa).
Subsequently, the vessel was ﬁlled with pure CO2 (Linde, indicated purity of 99.995% by volume) using a TELEDYNE ISCO D Series
syringe pump (Fig. 3c). The cantilevers were completely immersed
in the ambient ﬂuid, and they were free to move without any
observable surface stiction or ﬂuid streaming effects. In order to
control the temperature of the ﬂuid in the vessel, plastic tubing was
wrapped around the vessel (Fig. 3a) and connected to a water circulator with a constant-temperature heat bath (PolyScience). The
temperature and the pressure within the vessel were continuously
monitored using a thermocouple with an accuracy of ±1 K and a
pressure transducer, respectively (both Omega Engineering Inc).
The temperature and the pressure ratings of the vessel were 423 K
and 41.4 MPa, respectively.
During the experiments, the die with the microcantilevers
mounted inside the vessel could be imaged through the window
at the vessel front face using an objective lens with 50 mm focal
length, LED-based epi-illumination system (not shown in Fig. 2),
and a CCD camera. The ferromagnetic nickel cantilevers were magnetically actuated via the coil that was driven by a sinusoidal signal
generated by a function generator (Agilent 33220A) and ampliﬁed
50× by a high-voltage, high-frequency ampliﬁer (Falco Systems

WMA-300). The frequency and amplitude of the driving sinusoidal
signal were computer-controlled using Instrument Control Toolbox in Matlab. The deﬂections of the driven cantilevers were then
recorded using a custom made setup based on optical readout
analogical to the standard AFM detection scheme. A near-infrared
laser beam (wavelength 780 nm, maximal power 4.5 mW, CPS 192,
Thorlabs) was ﬁrst transformed with a telescope consisting of two
identical lenses (f = 30 mm) and then focused on the cantilever
with the same objective that was used for cantilever imaging.
Laser light back-reﬂected from the cantilever was collected by the
objective and then focused on a quadrant photodiode (QPD) that
could register the position of the incident light spot within its surface. Due to cantilever deﬂections, the angle of reﬂection of the
laser beam from the cantilever changed which subsequently led
to changes in the position of the laser spot on the QPD; this provided the cantilever deﬂection signal. Adjustment of the separation
distance between the lenses of the beam transformation telescope
allowed moving the focal plane of the laser beam with respect to
the objective imaging plane, thus optimizing the deﬂection signal.
In order to select a speciﬁc microcantilever for the measurement,
the pressure vessel was mounted on an x–y–z translation stage
that allowed precise positioning of the cantilevers with respect to
the focus of the detection laser beam. The adjustment of the focal
spot position was done visually by observing both the cantilever
and the laser spot by the CCD camera. In order to improve the
signal-to-noise ratio in the cantilever deﬂection measurements, a
phase-sensitive detection scheme was implemented. To this end,
the output signal from the QPD was fed into a lock-in ampliﬁer
(SR530, Stanford Research Systems) the reference input of which
was connected to the function generator driving the cantilevers.
With this arrangement, it was possible to detect both the amplitude
of the cantilever deﬂection and its phase shift with respect to driving at a given driving frequency. Both amplitude and phase outputs
of the lock-in ampliﬁer were digitalized using a data acquisition
board (PCIe-6363, National Instruments) and the same Matlab routine that also controlled the function generator parameters. In a
typical experiment, the cantilever driving frequency was swept
over a range of 8 kHz roughly centered on the manually found
cantilever resonant frequency, and the cantilever response was
measured at 400 discrete frequencies distributed uniformly within
the sweep range. The amplitude of the driving sinusoidal signal at
the output of the function generator was set to 2 V peak-to-peak
for measurements in the gaseous and supercritical CO2 phases,
and 3 V peak-to-peak for measurements in the liquid CO2 phase.
Higher amplitude of the driving signal used in the liquid CO2 measurements compensated weaker deﬂection signal recorded from
cantilevers oscillating in the liquid. Thus, the signal-to-noise ratio of
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Fig. 2. Schematics of the experimental setup for characterizing the frequency response of immersed microcantilevers. DM1, DM2–dichroic mirrors.

the measurements was kept approximately constant in all studied
phases of CO2 .
Systematic mapping of the cantilever frequency response under
varying pressure and temperature of the ﬂuid was carried out as
follows. First, we ﬁlled the sample chamber with CO2 to the maximal working pressure ranging between 17.23 MPa and 20.68 MPa,
and then brought the contents of the sample chamber to the
desired temperature. After temperature equilibration (typically
1–2 h), we started the measurements at the highest ﬂuid pressure,
and then gradually decreased the pressure down to the atmospheric level, recording data at intermediate pressure levels and
a constant temperature. At each studied pressure and temperature level, we recorded the frequency responses of cantilevers
of different lengths. We performed three repeated measurements
with each cantilever in order to quantify the reproducibility of
the obtained cantilever resonant parameters. Since the mechanical properties and exact dimensions of each individual cantilever
with the same nominal length slightly varied, we used the same
cantilevers in measurements done at all studied temperatures.
According to Sader, the frequency response A(ω) of an immersed
oscillating elastic cantilever in the limit of small dissipation (i.e.
high Q) can be approximated by the frequency response of a simple
damped harmonic oscillator [13,20]:
A(ω) =

2
A0 ωfluid


ω2

2
− ωfluid

2

+

ω2 ω2

.

(1)

fluid
Q2

Here, ω = 2 f is the angular driving frequency, A0 is the
zero-frequency amplitude of the response, Q is the quality factor,
and ωﬂuid = 2 fﬂuid corresponds to the resonant frequency of the

cantilever in the ﬂuid in the absence of dissipation. ωﬂuid is then
related to the actual resonant frequency of the damped cantilever
in the ﬂuid ωR (i.e. the frequency of the maximal measured
amplitude of the cantilever oscillations) by:
ωfluid =



ωR
1−

(2)
1
2Q 2

Using the above formalism, we ﬁtted the measured frequency
responses with Eq. (1), employing nonlinear curve ﬁtting implemented in Matlab. An example of experimental data together with
the corresponding ﬁt for data #3 can be seen in Fig. 4. For the
other data sets similar ﬁts are obtained. In this ﬁgure, three consecutive measurements are shown which were carried out using
a 200 m-long cantilever in gaseous CO2 at 298 K and 5.63 MPa. A
very good agreement of the experimental data with the model given
by Eq. (1) is evident. Resonant frequencies fﬂuid determined from the
consecutive measurements are 17632 Hz, 17692 Hz, and 17622 Hz.
The mean resonant frequency and the standard deviation for this
sample set are 17649 Hz and 38 Hz, respectively, which translates to a relative uncertainty of ∼2 × 10−3 in resonant frequency.
Similar standard deviations of the cantilever resonant frequency
were observed in the measurements carried out with all studied
cantilever lengths at different temperatures and pressures. The
corresponding values of the Q-factor for the frequency responses
shown in Fig. 4 are 17.6, 18.2, and 19.6, with the mean value of 18.5
and the standard deviation of 1.03. A higher relative error in measuring the Q-factor in comparison to the measurement of fﬂuid was a
general trend observed for all studied cantilever lengths. However,
the typical relative error of the Q-factor measurement remained
below 10% throughout all measurements.
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Fig. 3. (a) High-pressure sample chamber mounted on an x–y–z translation stage with attached pressure transducer, thermocouple, and heating tubing. (b) Detail of Teﬂon
holder bearing the die with microcantilevers and the driving coil. (c) Schematics of the system for the sample chamber pressurization.

3. Results and discussion
The results of mapping of the cantilever frequency response
in various ﬂuid phases of CO2 are summarized in Figs. 5–8. In
each of these ﬁgures, measured resonant frequencies fﬂuid and

Data #1
Data #2
Data #3
Fit for Data #3

Normalized Vibration Amplitude

1.0

0.8

0.6

0.4

0.2

0.0
12

14

16

18

20

22

Frequency (kHz)
Fig. 4. An example of experimentally measured cantilever frequency response. The
three shown sets of data correspond to three consecutive measurements carried out
with a 200 m-long cantilever in gaseous CO2 at 298 K and 5.63 MPa.

Q-factors are presented for cantilevers of different lengths at a constant temperature and varying ﬂuid pressure. At the lowest studied
temperature of 298 K, phase transition from the gaseous to the
liquid phase of CO2 occurs at the pressure of 6.43 MPa while at
the remaining studied temperatures (308 K to 328 K), state of CO2
changes from gaseous to supercritical upon crossing the critical
pressure of 7.38 MPa [26].
Changes in CO2 pressure at a constant temperature are accompanied by corresponding changes in the ﬂuid density and viscosity
which become pronounced especially in the proximity of the phase
transition point. In particular, both density and viscosity of CO2
increase with increasing ﬂuid pressure [26]. As argued in the introduction, presence of the ﬂuid changes the resonant properties of an
immersed cantilever due to the effects of an additional ﬂuid mass
moving along with the cantilever and viscous damping of the cantilever motion. Increase in added mass which causes lowering of
the cantilever resonant frequency fﬂuid is mainly associated with
the higher ﬂuid density at higher pressure. However, increasing
viscosity also plays a role in the inertial effects of the ﬂuid since
viscosity determines the effective distance over which the ﬂuid is
affected by the cantilever motion and, thus, the effective volume
of the ﬂuid moving with the cantilever; this volume increases with
increasing viscosity. Correspondingly, higher viscous damping due
to the increase of the ﬂuid viscosity with pressure leads to broadening of the cantilever frequency response. In combination with the
simultaneous decrease of fﬂuid , this lowers the value of the Q-factor
at higher pressure. These semi-quantitative arguments can be used
for explaining the trends observed in Figs. 5–8.
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Fig. 5. Variation of (a) fﬂuid and (b) Q-factor with pressure at 298 K for different cantilever lengths.
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Fig. 6. Variation of (a) fﬂuid and (b) Q-factor with pressure at 308 K for different cantilever lengths.
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Fig. 7. Variation of (a) fﬂuid and (b) Q-factor with pressure at 318 K for different cantilever lengths.
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Fig. 9. Variation of fﬂuid with density for (a) 225 m cantilevers and for (b) 325 m cantilevers.

For all studied temperatures and cantilever lengths, measured
resonant frequency fﬂuid increases monotonously with decreasing
pressure which correlates with the decreasing ﬂuid density and
viscosity. The slope of the dependence of fﬂuid on the ﬂuid pressure is higher for shorter cantilevers at any given pressure, thus
implicating higher sensitivity of the response of such shorter cantilevers to the changing ﬂuid parameters. The discontinuity in fﬂuid
at 298 K indicates the phase change of CO2 from liquid to gas when
the pressure of 6.43 MPa is reached during the pressure scan (see
Fig. 5). At the other studied temperatures (308 K to 328 K) which are
already above the critical temperature of CO2 of 304 K, fﬂuid varies
smoothly with pressure as CO2 transitions from the supercritical to
the gaseous phase. For all cantilever lengths, the maximal slope of
the dependence of fﬂuid on the ﬂuid pressure decreases with increasing CO2 temperature, and its occurrence also shifts to higher values
of CO2 pressure (compare Figs. 6a–8a). This behavior is consistent
with a lower sensitivity of the ﬂuid density and viscosity to the ﬂuid
pressure above the critical temperature.
The evolution of the Q-factor with the ﬂuid pressure also follows
similar trends for all studied temperatures and cantilever lengths.
Speciﬁcally, Q-factor decreases uniformly with the increasing ﬂuid
pressure due to the combined effect of the increasing ﬂuid density
and viscosity. While the variations of the Q-factor with pressure
are rather small at high pressures, the Q-factor increases steeply
at low pressures as the bandwidth of the frequency response gets
narrower (see Figs. 5b–8b). For an ideal cantilever with zero internal losses, the vacuum value of Q-factor theoretically approaches
inﬁnity. In real cantilevers, however, internal damping causes ﬁnite
Q-factor values observed at low ﬂuid pressures. Maximal Q-factors
observed in our measurements at the atmospheric pressure are ∼80
at all studied temperatures. Analogical to the behavior of fﬂuid , Qfactor of short cantilevers responds more sensitively to the ﬂuid
pressure, thus indicating again a greater sensing potential of such
short cantilevers.
In Figs. 5–8, characteristics of the cantilever frequency response
(fﬂuid and Q-factor) at a given ﬂuid temperature were plotted as
functions of the ﬂuid pressure. However, pressure and temperature do not enter directly into the hydrodynamic equations of
motion of the immersed cantilever. Thus, the pressure-dependence
plots provide only a limited insight into the mechanisms of the
ﬂuid–cantilever interaction. In contrast, ﬂuid density is a natural control parameter that directly affects the cantilever resonant
properties [6,13,20]. Furthermore, thermophysical properties of
supercritical ﬂuids (SCFs), such as viscosity and diffusivity, are governed mostly by the ﬂuid density rather than the pressure. For
example, the viscosity of CO2 varies smoothly with density in the
SCF region. We utilized the tables of the CO2 density at varied CO2
pressure and temperature from the NIST Chemistry WebBook [26]
and plotted the values of fﬂuid measured for cantilevers of a given

length at all studied temperatures as a function of the CO2 density.
The results of this analysis are shown in Fig. 9 for the cantilevers
with lengths of 225 m (a) and 325 m (b). From Fig. 9, it is evident that the values of fﬂuid obtained for a ﬁxed cantilever length
at different ﬂuid temperatures collapse on a single master curve
over the range of densities that spans almost three orders of magnitude. Since fﬂuid depends on both CO2 density and viscosity, this
observation implies that within the studied range of the CO2 pressure and temperature, the CO2 viscosity is a unique function of the
CO2 density. This remarkable behavior holds true not only in the
supercritical phase of CO2 but also in the region of the large density
changes associated with the transition from gas to liquid.
In the following section, the relationship between the cantilever
resonant characteristics ωﬂuid , Q, and the density  and viscosity 
of the immersion ﬂuid is examined in detail. When analyzing oscillatory motion of a solid body with a characteristic size w in a viscous
ﬂuid, it is useful to introduce a nondimensional parameter characterizing the ratio of inertial and viscous forces acting on the body
moving in the ﬂuid—so-called Reynolds number Re = (ωw2 )/(4).
According to the model of cantilever oscillations in the presence of
ﬂuid hydrodynamic forces developed by Sader [20], the frequency
response of a weakly-damped cantilever can be described by Eq.
(1), in which ωﬂuid and Q depend on Re. In particular:
ωfluid =

ωvac


1+

w2
r (Re)
4

,

(3)

and

Q =

4
w2

+ r (Re)

i (Re)

.

(4)

In Eqs. (3) and (4), ωvac is the vacuum resonant frequency of the
cantilever, w is the cantilever width,  is the cantilever mass per
unit length, and r and i are the real and imaginary parts of the
complex hydrodynamic function of the cantilever, respectively.
In the work of Sader [20], hydrodynamic function
was
expressed as a combination of complex Bessel functions that did
not provide a direct insight into the connection between the ﬂuid
parameters and the cantilever dynamics. Maali et al. introduced an
analytical approximation to the hydrodynamic function that is
valid for the range of Re between 1 and 1000 and allows the derivation of closed formulas for the cantilever frequency response [21].
In this work, we operate in the range of Re ∼ [5; 100]; for example,
for a 325 m long cantilever at 308 K and 7.58 MPa, the experimental values of  = 286 kg m−3 , ω = 2 × 6500 s−1 , w = 20 m, and
 = 22.5 Pa s give Re ∼ 52. Hence, Maali’s approximation is fully
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Fig. 10. Comparison of the experimental values of fﬂuid (symbols) to the model of oscillations of a hydrodynamically damped cantilever (Eq. (7); solid lines) for (a) 225 m
and (b) 325 m cantilevers at different CO2 temperatures.

applicable to our experimental conditions. In Maali’s notation,
can be expressed as
a2
r (Re) = a1 + √
= a1 + a2
2Re
and

i



w2

,

(5)

reads as

b2
b1
+
i (Re) = √
= b1
2Re
2Re



2
2
+ b2
,
ωfluid w2
ωfluid w2

(6)

where a1 = 1.0553, a2 = 3.7997, b1 = 3.8018, and b2 = 2.7364 are
empirical parameters determined by ﬁtting the functional form of
Eqs. (5) and (6) to the exact hydrodynamic function of Sader [21].
Upon inserting Eqs. (5) and (6) into Eqs. (3) and (4), we obtain


ωfluid = ωvac

w
1+
4C t




a1 + a2

2
ωfluid w2



−1/2

(7)

and

Q =



4C t
w

+ a1 + a2

b1

2



ωfluid

w2



2
ωfluid w2

+ b2



2
ωfluid

.

increasing CO2 temperature. For an elastic cantilever operating in
the pure-bending regime, fvac is given by [3]
2

2
ωfluid

r

(8)

w2

In Eqs. (7) and (8), we expressed the cantilever mass per unit
length  as the product of the cantilever density C , cantilever
width w, and cantilever thickness t i.e.  = C wt. Expression identical to Eq. (7) was used in a recent study of Si cantilever oscillations
in scCO2 by Toda et al. [22].
Using the known cantilever width w = 20 m and the values of
 and  determined from the NIST Chemistry WebBook [26] for
our experimental CO2 pressures and temperatures, we ﬁtted the
self-consistent Eq. (7) to the experimental data points presented in
Figs. 5a–8a that describe the dependence of fﬂuid on the CO2 pressure. The ﬁtted parameters are the vacuum resonant frequency of
the cantilever ωvac = 2fvac and the product of the cantilever density and thickness C t (we did not ﬁt C and t separately as only
their product enters into Eq. (7)). The results of ﬁtting the experimentally obtained values of fﬂuid to the predictions of Eq. (7) are
summarized in Fig. 10 and Table 1. This ﬁgure and table illustrate a
very good agreement between the model and the experiments. For
all studied cantilever lengths and temperatures, the average relative error of the ﬁt does not exceed 2.40% and the maximal relative
error is less than 5.61%. From Table 1, it follows that the values of fvac
for 200 m and 225 m cantilevers decrease monotonously with

fvac

1
=
2 L2



E t2
12C

(9)

where L is the cantilever length, E is the cantilever elastic modulus, and is a constant characterizing the cantilever oscillation
mode ( = 1.875 for the fundamental mode). In general, cantilever dimensions and elastic modulus change with temperature
T and both these effects inﬂuence fvac . Since the linear dimensions of the cantilever L, t grow as ∼(1 + ˛ T) and the cantilever
density C decreases as ∼(1 + ˛ T)−3 , the overall scaling of fvac
due to temperature-induced size changes is fvac (T + T) = fvac (T)
(1 + ˛ T)0.5 , where ˛ is the coefﬁcient of thermal expansion and
T is the temperature change. Similarly, E changes with temperature as ∼(1 + ˇ T), where ˇ is the coefﬁcient of thermal
dependence of the elastic modulus and, consequently, fvac scales as
fvac (T + T) = fvac (T) (1 + ˇ T)0.5 . For nickel, ˛ = 1.3 × 10−5 K−1 and ˇ
is between −2 × 10−4 K−1 and −8 × 10−4 K−1 [31]. Thus, the effect
of the cantilever thermal expansion can be neglected in comparison to the temperature-induced changes of the cantilever elastic
modulus. Experimental value of ˇ can be then estimated from the
measured fvac obtained at different CO2 temperatures. The average
value of ˇ calculated for 200 m and 225 m cantilevers from the
data of Table 1 is −7.2 × 10−4 K−1 which agrees well with the literature data [31]. For 325 m and 400 m cantilevers, fvac does not
decrease with T when the CO2 temperature increases from 298 K
to 308 K. This departure from the observed trend is possibly caused
by the high standard deviation of the measurements of fﬂuid for
the two longer cantilevers at 298 K which subsequently leads to
a less precise determination of fvac at 298 K. At higher temperatures, fvac decreases with T also for 325 m cantilever, at the same
rate as for 200 m and 225 m cantilevers. The ﬁtted product of
the cantilever density and thickness, C t, is practically constant for
all studied cantilever lengths and CO2 temperatures; this is consistent with the procedure used for manufacturing the cantilevers
(see Materials and methods section) and the weak dependence of
the cantilever dimensions on temperature. A slight increase of the
value of C t with the cantilever length can likely be attributed to
non-ideal clamping of the cantilevers at the support silicon base
which displays a ﬁnite compliance and, thus, modiﬁes the effective
elastic bending modulus of the cantilever that enters into Eq. (9)
[32].
Eq. (7) allows an estimation of the inﬂuence of the ﬂuid viscosity
on the resonant frequency, fﬂuid , of an immersed cantilever for varied cantilever length. At a given density and viscosity of CO2 (i.e. at
a given temperature and pressure) and a constant cantilever width,
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Table 1
Parameters fvac , C *t determined from ﬁtting the experimental data points of Figs. 5a–8a with Eq. (7) and the maximal and average relative errors between the experimental and
predicted values of fﬂuid and Q-factor for cantilevers of varying length at different CO2 temperatures. Relative errors were calculated as differences between the corresponding
measured and ﬁtted values normalized by the ﬁtted values.
Cantilever length (m)

200

temperature (K)

298

Vacuum resonant frequency, fvac (kHz)
C *t (10−2 kg/m2 )
Maximal relative error fﬂuid (%)
Average relative error fﬂuid (%)
Average relative error Q (%)

225
308

19.99
1.05
1.26
0.38
11.95

318

19.92
1.07
5.61
1.11
10.08

325

298

19.83
1.05
3.06
0.67
6.18

308

16.05
1.06
1.25
0.41
12.81

the value of the variable second term in Eq. (5) for the real part of
the cantilever hydrodynamic function r decreases with increasing fﬂuid which is directly associated with smaller cantilever length.
Thus, for shorter cantilevers, this variable term is less important
with respect to the constant ﬁrst term of r and can be neglected.
Consequently, fﬂuid given by Eq. (7) becomes approximately independent of the ﬂuid viscosity and changes only due to the changing
ﬂuid density. This implies that with sufﬁciently short cantilevers,
it should be possible to determine the ﬂuid density from the measurement of fﬂuid alone. However, if the cantilever length becomes
comparable to its width, the assumption under which Eq. (7) was
derived (cantilever length much larger than its width) no longer
holds. Thus, cantilever length cannot be reduced deliberately in
order to remove the coupling between fﬂuid and the ﬂuid viscosity.
According to Eq. (9), the vacuum resonant frequency, fvac , should
scale with the cantilever length, L, as ∼1/L2 at a constant temperature. In Fig. 11, we plotted the experimentally determined values
of fvac at 308 K as a function of 1/L2 ; temperature of 308 K was

20

fvac (kHz)

16

12

8

4
5

10

15
2

20

6

25

-2

1/L *10 ( m )
Fig. 11. Variation of fvac with1/L2 at 308 K. Squares represent experimental data
points, solid line is the linear ﬁt of the data.

318

15.99
1.10
4.34
0.77
8.18

328

15.94
1.10
3.84
0.56
8.41

400

298

15.89
1.10
1.75
0.63
7.72

308

8.01
1.10
3.44
1.04
14.42

8.02
1.10
3.09
0.75
9.98

318
7.96
1.10
2.31
0.83
10.56

298
5.28
1.19
4.94
2.40
40.33

308
5.31
1.30
2.46
1.01
47.54

chosen because of the higher error of the estimates of fvac at the
lowest studied temperature of 298 K (see the discussion above).
As illustrated by Fig. 11, fvac is indeed linearly correlated with 1/L2
(coefﬁcient R2 = 0.9999), with a slope Kexp of 7.78 × 10−4 Hz m2 . This
experimental value can be compared to the predicted Kth calculated from the Reuss model of a composite cantilever consisting of
a nickel structural layer and a gold coating [33]:
Kth =

2

2
ENi tNi

2

12Ni


(1 + x)

2

EAu Ni
.
(EAu + x ENi )(Ni + x Au )

(10)

In the above expression, ENi is Young’s modulus of nickel
(ENi = 200 GPa), tNi is the thickness of the cantilever structural
layer (tNi = 900 nm), Ni is the nickel density (Ni = 8908 kg m−3 ),
EAu is Young’s modulus of gold (EAu = 79 GPa), tAu is the thickness of the gold coating (tAu = 110 nm), Au is the gold density
(Au = 19300 kg m−3 ), and x = tAu /tNi . In Eq. (10), presence of an
additional chromium layer on the cantilever was neglected as its
thickness is much smaller than both tNi and tAu . Upon inserting the
material parameters and thicknesses of the nickel and gold layers
into Eq. (10), we obtain Kth ≈ 6.75 × 10−4 Hz m2 which is smaller
than the experimental value Kexp by ∼13%. The relative deviation
between Kth and Kexp is mostly caused by underestimation of the
thickness of the nickel structural layer.
In order to compare the measured cantilever Q-factors to the
predictions of the hydrodynamic damping model, we used Eq. (8)
into which we inserted the values of the product C t obtained previously from ﬁtting of the experimental values of ωﬂuid to Eq. (7)
(data in Table 1) along with the values of  and  from the NIST
Chemistry WebBook and measured ωﬂuid . The results of this Qfactor comparison are provided in Fig. 12 and Table 1. As illustrated
by Fig. 12, experimental Q-factors agree well with the predicted
ones at higher CO2 pressure where the Q-factor is low (Q < 15).
The scatter in the data for Q-factors acquired in liquid CO2 at the
room temperature of 298 K without active temperature stabilization may be attributed to the ambient temperature ﬂuctuations.
100

100

298 K
308 K
318 K
328 K
Fit

298 K
308 K
318 K
Fit

(b)

Q-Factor

Q-Factor

(a)

10

10

0

5

10

15

Pressure (MPa)

20

25

0

5

10

15

20

25

Pressure (MPa)

Fig. 12. Comparison of the experimental values of Q-factor (symbols) to the model of oscillations of a hydrodynamically damped cantilever (Eq. (8); solid lines) for (a) 225 m
and (b) 325 m cantilevers at different CO2 temperatures.
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When the pressure decreases, the Q-factor increases and the difference between the measured and calculated Q-factors increases. As
a result, the average errors of the Q-factor listed in Table 1 are about
an order of magnitude higher than the corresponding errors of fﬂuid .
In order to understand this deviation, it is necessary to consider the
various sources of cantilever damping that contribute to the overall observed Q-factor of the cantilever oscillations. For a cantilever
immersed in a viscous ﬂuid, the main source of damping lies in
the shear forces acting in the ﬂuid ﬂowing around the cantilever;
this is the damping described by Sader’s model. Besides the viscous ﬂuid damping, additional dissipation of the cantilever energy
arises from internal friction in the cantilever material, energy loss
to a compliant cantilever support, surface stresses, thermoelastic
loss, and presence of additional material layers on the cantilever
surface [34–37]. While the viscous damping dominates at high ﬂuid
pressure, relative importance of other damping sources increases
at low ﬂuid pressure corresponding to the decreasing ﬂuid viscosity
and density. All these additional damping mechanisms lower the
overall Q-factor with respect to the value predicted solely by the
hydrodynamic model, thus causing the departure of the measured
Q-factors from the theoretical prediction. The dominant origin of
the non-viscous damping in our experimental system is currently
under investigation.
4. Conclusion
In this work, we carried out a systematic experimental study
of the frequency response of microcantilevers of various sizes
immersed in gaseous, liquid and supercritical CO2 . Our measurements were carried out with home-made magnetically actuated
cantilevers immersed in CO2 for which the pressure and temperature could be precisely controlled. We were able to acquire
the characteristics of the cantilever oscillatory response (resonant frequency and Q-factor) under a wide range of CO2 pressures
and temperatures with high resolution and reproducibility. Subsequently, we analyzed our experimental data in the context of
the model of cantilever oscillations under the inﬂuence of hydrodynamic forces proposed by Sader [20]. A very good agreement
between our experimental results and model predictions conﬁrms
that Sader’s approach is well applicable to the studies of microcantilever dynamic behavior in various ﬂuid phases of CO2 .
Our study represents the ﬁrst systematic attempt to the mapping of thermophysical properties of near-critical and supercritical
ﬂuids with the use of micromechanical resonators. Even though we
concentrated on CO2 as the model ﬂuid, our experimental approach
can be readily adopted to the measurement of the properties such
as density and viscosity of other supercritical ﬂuids including binary
mixtures and to the detection of phase transitions in such mixtures
(bubble and cloud points). Our technique can be possibly applied to
investigate surface adsorption from supercritical solutions as well
as catalytic reactions in supercritical ﬂuids. The accessible range of
the ﬂuid temperatures and pressures can be extended by using different types of cantilevers and modiﬁed detection systems of the
cantilever displacement.
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